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The moderately thick rectangular plate is an important struc-
tural component used in various engineering applications such as
rigid pavements of airports and highways, houses and bridge
decks. The conventional approach in moderately thick rectangular
plate theories has been based on the semi-inverse method with
trial displacement and stress functions (Cheng and Duan, 1987;
Cheng and Yang, 1990). The trial functions, however, do not always
exist except in some very special cases of boundary conditions
such as fully simply supported plates. For other boundary condi-
tions, some classical numerical or approximate methods such as
ﬁnite element method, trigonometric series method and superpo-
sition method could be used. The selection of appropriate admissi-
ble functions becomes of critical importance in these methods as
the accuracy of the solutions depends upon how well the approx-
imations employed represent the actual displacement. Nowadays,
some new numerical methods have been widely used in the plates’
problems. Civalek (2007) have applied the method of discrete
singular convolution (DSC) to the three dimensional analysis of
thick rectangular plates. The method of differential quadrature
(DQ) was utilized for buckling, bending and free vibration analysis
of thin isotropic plates (Civalek, 2004). Static analysis of Mindlin
plates was carried out by the differential quadrature element
method (DQEM) (Han and Liew, 1999).The meshless method was
developed to analyze moderately thick and thin plates (Donning
and Liu, 1998). The spline element method was used for bending009 Published by Elsevier Ltd. All ranalysis of rectangular moderately thick plates (Shen and He,
1995).
A new symplectic methodology for the theory of elasticity has
shown considerable promise (Zhong and Williams, 1993; Zhong,
1993, 1995). This systematic approach can be applied to various
branches of applied mechanics, including deriving exact analytical
solutions to the problem of thin plate bending (Zhong and Yao,
1999; Lim et al., 2007). In addition, the analogue theory has been
set up between the plane problem and Kirchhoff plate bending,
and other series of basic equations and the method for the classical
theory of Kirchhoff plate bending have been presented (Yao and
Zhong, 2002). Therefore it goes beyond the limitations of the clas-
sical semi-inverse method for Kirchhoff plate bending and extends
the scope of the analytical solutions.
Based on the analogue theory mentioned above, analytical
solutions to bending problems of rectangular thin plates were
obtained by expansion of eigenfunctions (Yao and Zhong,
2002). Yao and Sui (2004) derived Hamilton dual equations for
Reissner plate bending and got basic solutions of the Saint-Ve-
nant problem. Yao and Yang (2001) presented Hamiltonian
system based Saint-Venant solutions for the problem of multi-
layered composite plane anisotropic plates. Zhang and Zhong
(2003); Leung and Zheng (2007); Leung et al. (2007); Zhao and
Chen (2008) predicted the boundary singular effects which are
difﬁcult to get by other methods.
Bao and Deng (2005) made a study of symplectic approach for
solving Mindlin plate bending. Ju et al. (2008) have discussed the
exact solutions of a Reissner plate fully simply supported. Besides,
Fu and Tan (1995) investigated the bending of a rectangular
thick plate using reciprocal theorem method. However, variousights reserved.
Notation
x, y, z rectangular coordinates
a, b dimensions of a plate in x and y directions, respectively
h thickness of a plate
q intensity of a continuously distributed load
E modulus of elasticity
m Poisson’s ratio
D ﬂexural rigidity of a plate
C shear stiffness of a plate
Mx, My bending moments at the sections of a plate perpendicu-
lar to x and y axes, respectively
Mxy torsional moment at the section of a plate perpendicular
to x axis
Qx, Qy shear forces parallel to z axis at the sections of a plate
perpendicular to x and y axes, respectively
wx, wy rotation of a line segment in xz and yz planes, respec-
tively
W transverse displacement
W
owy
ox  owxoy
M owxox þ
owy
oy
h oWoy
a oWoy
b oMoy
Fig. 1. Coordinates, displacements, load and stress resultants of a moderately thick
plate.
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lar solutions (Bao and Deng, 2005; Ju et al., 2008) or force functions
(Fu and Tan, 1995) for plates under various loads.
In this paper, the symplectic approach is further developed to
derive the exact bending solutions of moderately thick rectangular
plates based on Reissner plate theory (Reissner, 1944, 1945, 1947)
in which we neglect the transverse contraction ez for convenience
(Hu, 1981). Examples for plates with selected boundary conditions
are solved exactly byﬁrst transferring the basic equations for amod-
erately thick plate intoHamilton canonical equations before separa-
tion of variables. By eigenfunction expansion in the symplectic
geometry, the exact solutions of the plates are then obtained.
The most obvious advantages of the approach proposed in this
paper is it does not require the pre-selection of a deformation func-
tion, which, however, can scarcely be avoided in the traditional
semi-inverse approaches. The beauty of the symplectic approach
is also in its exactness and its ability to predict the difﬁcult stress
singularity. Accordingly, it serves as a completely rational theoret-
ical model for the bending problems of moderately thick rectangu-
lar plates. For the cases of the title problems, exact analytic
solutions can be clearly presented.
To verify the accuracy and validity of the formulations derived,
numerical results are presented for an easy comparison with those
found in other literatures. Furthermore, the boundary effects of
moderately thick rectangular plates are observed to verify the
advantages of the approach. The analysis can be further extended
to moderately thick plates with any other combinations of loads
and boundary conditions.
2. Hamilton canonical equations for moderately thick
rectangular plate
The coordinate system of a moderately thick, isotropic plate un-
der consideration is illustrated in Fig. 1, where a/2 6 x 6 a/2 and
0 6 y 6 b.
Based on the classical Reissner plate theory (Reissner, 1944,
1945, 1947), the balance equations of the plate are
oQx
ox
þoQy
oy
þq¼0;oMx
ox
þoMxy
oy
Qx¼0;
oMy
oy
þoMxy
ox
Qy¼0 ð1a-cÞ
where q is the distributed load,Mx, My, Mxy, Qx and Qy are the bend-
ing moments, torsional moment and shear forces, respectively.
The internal forces of the plate can be presented as
Mx ¼ D owxox þ m
owy
oy
 
;My ¼ D
owy
oy
þ m owx
ox
 
;
Mxy ¼ Dð1 mÞ2
owx
oy
þ owy
ox
 
ð2a-cÞQx ¼ C
oW
ox
 wx
 
; Qy ¼ C
oW
oy
 wy
 
ð3a;bÞ
where D is the ﬂexural rigidity, C is the shear stiffness,wx andwy are
the angles of rotation, m is Poisson’s ratio. There are some mathe-
matical relations: C ¼ 5Eh12ð1þmÞ, D ¼ Eh
3
12 1m2ð Þ, where E is the modulus
of elasticity and h is the thickness of the plate. The directions of
the vectors, taken as positive, are indicated in Fig. 1.
From Eqs. (1b) and (2a-c), we have
Qx ¼
oMx
ox
þ oMxy
oy
¼ D o
ox
owx
ox
þ m owy
oy
 
þ 1 m
2
o
oy

 owx
oy
þ owy
ox
 
ð4Þ
Qy ¼
oMy
oy
þ oMxy
ox
¼ D o
oy
owy
oy
þ m owx
ox
 
þ 1 m
2
o
ox

 owx
oy
þ owy
ox
 
ð5Þ
Summation of Eqs. (2a) and (2b) gives
Mx þMy ¼ D owxox þ m
owx
ox
þ owy
oy
þ m owy
oy
 
¼ Dð1þ mÞ owx
ox
þ owy
oy
 
ð6Þ
Let
Mx þMy
Dð1þ mÞ ¼
owx
ox
þ owy
oy
¼ M ð7Þ
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Qx¼D
o
ox
owx
ox
þowy
oy
owy
oy
þmowy
oy
 
þ1m
2
o
oy
owx
oy
þowy
ox
  
¼D o
ox
owx
ox
þowy
oy
 
ð1mÞo
2wy
oxoy
þ1m
2
o2wx
oy2
þð1mÞ
2
o2wy
oxoy
Þ
" #
¼D o
ox
owx
ox
þowy
oy
 
1m
2
o
oy
owy
ox
owx
oy
  
ð8Þ
Let
owy
ox
 owx
oy
¼ W ð9Þ
From Eqs. (7)–(9), we have
Qx ¼ D
oM
ox
 1 m
2
oW
oy
 
ð10Þ
Similarly, using Eq. (5), we obtain
Qy ¼ D
oM
oy
þ 1 m
2
oW
ox
 
ð11Þ
Substituting Eqs. (10) and (11) into Eq. (1a) yields
oQx
ox
þ oQy
oy
þ q ¼ D o
2M
ox2
þ o
2M
oy2
 !
þ q ¼ Dr2M þ q ¼ 0 ð12Þ
or
r2M ¼ q
D
ð13Þ
From Eqs. (3a,b), (10) and (11),
C
oW
ox
 wx
 
¼ D oM
ox
 1 m
2
oW
oy
 
ð14Þ
C
oW
oy
 wy
 
¼ D oM
oy
þ 1 m
2
oW
ox
 
ð15Þ
After differentiations of both sides of Eq. (14) with respect to x, Eq.
(15) with respect to y, we get
C
o2W
ox2
 owx
ox
 !
¼ D o
2M
ox2
 1 m
2
o2W
oxoy
" #
ð16Þ
C
o2W
oy2
 owy
oy
 !
¼ D o
2M
oy2
þ 1 m
2
o2W
oxoy
" #
ð17Þ
Summation of Eqs. (16) and (17), using Eq. (7), yields
C r2W M
 
¼ Dr2M ð18Þ
Using Eq. (13), we arrive at the expression
C r2W M
 
¼ q ð19Þ
After differentiations of both sides of Eq. (14) with respect to y, Eq.
(15) with respect to x, we get
C
o2W
oxoy
 owx
oy
 !
¼ D o
2M
oxoy
 1 m
2
o2W
oy2
" #
ð20Þ
C
o2W
oxoy
 owy
ox
 !
¼ D o
2M
oxoy
þ 1 m
2
o2W
ox2
" #
ð21Þ
Subtraction of Eqs. (20) and (21), using Eq. (9), yields
r2W ¼ 2C
Dð1 mÞW ð22ÞBy virtue of the above derivation, all physical quantities of
moderately thick plates can be represented by three functions:
M, W and W.
For the angles of rotation, Eqs. (14) and (15) give
wx ¼
oW
ox
þ D
C
oM
ox
 1 m
2
oW
oy
 
ð23Þ
wy ¼
oW
oy
þ D
C
oM
oy
þ 1 m
2
oW
ox
 
ð24Þ
For the bending moments and torsional moment, from Eqs. (2a-c),
(23) and (24), we obtain
Mx ¼ D owxox þ m
owy
oy
 
¼ D o
2W
ox2
þ D
C
o2M
ox2
 1 m
2
o2W
oxoy
 !(
þm o
2W
oy2
þ D
C
o2M
oy2
þ 1 m
2
o2W
oxoy
 !" #)
ð25Þ
¼ D D
C
r2M þr2W  Dð1 mÞ
C
o2M
oy2
"
ð1 mÞ o
2W
oy2
 ð1 mÞDð1 mÞ
2C
o2W
oxoy
#
¼ D M  ð1 mÞ o
oy
oW
oy
þ Dð1 mÞ
2C
oW
ox
þ D
C
oM
oy
  	
My ¼ D
owy
oy
þ m owx
ox
 
¼ D o
2W
oy2
þ D
C
o2M
oy2
þ 1 m
2
o2W
oxoy
 !(
þm o
2W
ox2
þ D
C
o2M
ox2
 1 m
2
o2W
oxoy
 !" #)
¼ D D
C
r2M þr2W  Dð1 mÞ
C
o2M
ox2
"
ð1 mÞ o
2W
ox2
þ ð1 mÞDð1 mÞ
2C
o2W
oxoy
#
ð26Þ
¼ D M  ð1 mÞ o
ox
oW
ox
 Dð1 mÞ
2C
oW
oy
þ D
C
oM
ox
  	
Mxy ¼ Dð1 mÞ2
owx
oy
þ owy
ox
 
¼ Dð1 mÞ
2
o2W
oxoy
þ D
C
o2M
oxoy
 1 m
2
o2W
oy2
 !
þ o
2W
oxoy
"
þD
C
o2M
oxoy
þ 1 m
2
o2W
ox2
 !#
ð27Þ
¼ Dð1 mÞ
2
2
o2W
oxoy
þ 2D
C
o2M
oxoy
þ Dð1 mÞ
2C
o2W
ox2
 o
2W
oy2
 !" #
It is seen that the problem of bending of moderately thick plates re-
duces to solving the following equations:
r2M ¼ q
D
C r2W M
 
¼ q
r2W ¼ 2C
Dð1 mÞW
ð28a;b; cÞ
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Let
oW
oy
¼ h ð29Þ
From Eqs. (28c), observing that 2CDð1mÞ ¼ 10h2 where h is the thickness of
the plate, we obtain
oh
oy
¼ 10
h2
W o
2W
ox2
ð30Þ
Let
oW
oy
¼ a ð31Þ
oM
oy
¼ b ð32Þ
Eqs. (28a,b) can be represent as
oa
oy
¼ M  o
2W
ox2
 q
C
ð33Þ
ob
oy
¼  o
2M
ox2
þ q
D
ð34Þ
Eqs. (29)–(34) can be expressed in the matrix form as
oZ
oy
¼ HZ þ f ð35Þ
where
H¼
0 F
G 0
" #
; F¼
1 0 0
0 0 1
0 1 0
264
375; G¼ 10=h
2o2=ox2 0 0
0 0 o2=ox2
0 o2=ox2 1
2664
3775
Z¼ ½W;W;M;h;b;aT ; f ¼ 0;0;0;0; q
D
;q
C
h iT
:
It is obvious that HT = JHJ, in which J ¼ 0 I3I3 0
 
is the symplectic
matrix and I3 is 3  3 unit matrix. Therefore H is a Hamiltonian
operator matrix and Eq. (35) is the Hamiltonian dual equation for
moderately thick rectangular plates.
3. Symplectic solution methodology for moderately thick
rectangular plates with two opposite edges simply supported
The homogeneous equation of Eq. (35) is
oZ
oy
¼ HZ ð36Þ
Applying the method of separation of variables to Z yields
Z ¼ XðxÞYðyÞ ð37Þ
where X(x) = [W(x),W(x),M(x),h(x),b(x),a(x)]T. Substituting Eq. (37)
into Eq. (36) gives
dYðyÞ
dy
¼ lYðyÞ;HXðxÞ ¼ lXðxÞ ð38a;bÞ
where l is the eigenvalue and X(x) is the corresponding eigenvector.
Eq. (38b) gives an eigenvalue problem. Its characteristic equation is
Det
l 0 0 1 0 0
0 l 0 0 0 1
0 0 l 0 1 0
10=h2  k2 0 0 l 0 0
0 0 k2 0 l 0
0 k2 1 0 0 l
2666666664
3777777775
¼ 0 ð39ÞDeterminantal expansion yields the eigenvalue equation
ðk2 þ l2Þ2 k2 þ l2  10
h2
 
¼ 0 ð40Þ
Accordingly, the eigenvalues of the characteristic equation can be
obtained. (k2 + l2)2 = 0 gives k = ± li (double roots). When l2 ¼ 10
h2
,
k2 þ l2  10
h2
¼ 0 gives k = 0 (double roots); but in this way we get
inconsistent equations via Eq. (38b) thus indicating invalidity of
the case. When l2– 10
h2
, k2 þ l2  10
h2
¼ 0 gives k = ± n (simple roots),
where n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
 l2
q
. Then the general solutions are represented in
the following form:
W ¼ A1 sinðlxÞ þ B1x cosðlxÞ þ F1shðnxÞ þ R1 cosðlxÞ
þ S1x sinðlxÞ þ T1chðnxÞ
W ¼ A2 cosðlxÞ þ B2x sinðlxÞ þ F2chðnxÞ þ R2 sinðlxÞ
þ S2x cosðlxÞ þ T2shðnxÞ
M ¼ A3 cosðlxÞ þ B3x sinðlxÞ þ F3chðnxÞ þ R3 sinðlxÞ
þ S3x cosðlxÞ þ T3shðnxÞ
h ¼ A4 sinðlxÞ þ B4x cosðlxÞ þ F4shðnxÞ þ R4 cosðlxÞ
þ S4x sinðlxÞ þ T4chðnxÞ
b ¼ A5 cosðlxÞ þ B5x sinðlxÞ þ F5chðnxÞ þ R5 sinðlxÞ
þ S5x cosðlxÞ þ T5shðnxÞ
a ¼ A6 cosðlxÞ þ B6x sinðlxÞ þ F6chðnxÞ þ R6 sinðlxÞ
þ S6x cosðlxÞ þ T6shðnxÞ
ð41Þ3.1. Eigensolutions for symmetrical plate bending
We choose from Eq. (41) the solutions symmetrical with respect
to the y axis as
W ¼ A1 sinðlxÞ þ B1x cosðlxÞ þ F1shðnxÞ
W ¼ A2 cosðlxÞ þ B2x sinðlxÞ þ F2chðnxÞ
M ¼ A3 cosðlxÞ þ B3x sinðlxÞ þ F3chðnxÞ
h ¼ A4 sinðlxÞ þ B4x cosðlxÞ þ F4shðnxÞ
b ¼ A5 cosðlxÞ þ B5x sinðlxÞ þ F5chðnxÞ
a ¼ A6 cosðlxÞ þ B6x sinðlxÞ þ F6chðnxÞ
ð42Þ
in which the constants are not all independent. Substituting Eq. (42)
back into Eqs. (38b) yields the relations between these constants as
A1 ¼ A4 ¼ 0; A2 ¼ A6l ; A3 ¼ 2B6; A5 ¼ 2lB6
B1 ¼ B3 ¼ B4 ¼ B5 ¼ 0; B2 ¼ B6l
F1 ¼ F4l ; F2 ¼ F3 ¼ F5 ¼ F6 ¼ 0
ð43Þ
If the edge of a plate is simply supported, the deﬂection along this
edge must be zero, and there are no bending moments along this
edge. At the same time, this edge can not rotate in the plane it lies
in. Therefore the boundary conditions of a plate with two opposite
edges simply supported at x = ± a/2 are
W ¼ 0;wy ¼ 0;Mx ¼ 0 for x ¼ a=2 ð44Þ
Substituting Eqs. (42) and (43) into Eq. (44) and then equating the
determinant of coefﬁcient matrix to zero yields the transcendental
equation of eigenvalues for symmetrical bending of a plate simply
supported on opposite edges at x =  a/2 and x = a/2 as
ch
na
2
 
cos2
la
2
 
¼ 0 ð45Þ
cos2 la2
  ¼ 0 gives the double roots
2510 Y. Zhong et al. / International Journal of Solids and Structures 46 (2009) 2506–2513ln ¼
np
a
; ln ¼ 
np
a
for n ¼ 1;3;5;    ð46Þ
The roots of ch na2
  ¼ 0 are n ¼  npa i for n = 1,3,5,    . Considering
n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
 l2
q
(deﬁned after Eq. (40)),
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
 l2
q
¼  npa i, which give
the simple roots
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
þ npa
 2q and  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ10
h2
þ npa
 2q . We use two symbols
~ln and ~ln to denote the roots, viz.
~ln ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
þ np
a
 2s
; ~ln ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
þ np
a
 2s
for n
¼ 1;3;5;    ð47Þ
The corresponding basic eigenvector of ln is
X0nðxÞ ¼ ½0; cosðlnxÞ;0; 0;0;ln cosðlnxÞT ð48Þ
whose components indicate W(x),W(x),M(x),h(x),b (x),a(x) respec-
tively, which are the parts of separated variables with respect to
x. Because the eigenvalue ln is a double root, the ﬁrst-order Jordan
form eigensolution of ln can be solved via HX1n ¼ lnX1n þ X0n, impos-
ing the boundary conditions (44), as
X1nðxÞ ¼ ½0;0;2ln cosðlnxÞ;0;2l2n cosðlnxÞ; cosðlnxÞT ð49Þ
In the same manner, for the eigenvalue ln, the corresponding
basic and ﬁrst-order Jordan form eigenvectors are
X0nðxÞ ¼ ½0; cosðlnxÞ;0; 0;0;ln cosðlnxÞT
X1nðxÞ ¼ 0;
cosðlnxÞ
ln
;2ln cosðlnxÞ;0;2l2n cosðlnxÞ;0
 T
ð50a;bÞ
The corresponding eigenvector of ~ln is
eXnðxÞ ¼ shð~nnxÞ;0; 0; ~lnshð~nnxÞ;0;0h iT ð51Þ
where ~nn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
 ~l2n
q
. eXnðxÞ, the eigenvector of ~ln, can be
obtained by replacing ~ln in eXnðxÞ with ~ln.
3.2. Eigensolutions for anti-symmetrical plate bending
We keep in Eq. (41) the solutions anti-symmetrical with respect
to the y axis as
W ¼ R1 cosðlxÞ þ S1x sinðlxÞ þ T1chðnxÞ
W ¼ R2 sinðlxÞ þ S2x cosðlxÞ þ T2shðnxÞ
M ¼ R3 sinðlxÞ þ S3x cosðlxÞ þ T3shðnxÞ
h ¼ R4 cosðlxÞ þ S4x sinðlxÞ þ T4chðnxÞ
b ¼ R5 sinðlxÞ þ S5x cosðlxÞ þ T5shðnxÞ
a ¼ R6 sinðlxÞ þ S6x cosðlxÞ þ T6shðnxÞ
ð52Þ
Proceeding as in Section 3.1, we can obtain the transcendental
equation of eigenvalues for anti-symmetrical bending of the plate,
which gives
sh
na
2
 
sin2
la
2
 
¼ 0 ð53Þ
From Eq. (53), proceeding as in Section 3.1, the valid eigenvalues are
obtained as the double roots
ln ¼
np
a
; ln ¼ 
np
a
for n ¼ 2;4;6;    ð54Þand the simple roots
~ln ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
þ np
a
 2s
; ~ln ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
þ np
a
 2s
for n ¼ 2;4;6;   
ð55Þ
The corresponding eigenvectors can be obtained accordingly.4. Exact bending solutions for typical problems
4.1. Expansion of eigenfunctions
We take for the solution of the inhomogeneous Eq. (35) the
expression
Z ¼ XðxÞYðyÞ ð56Þ
where XðxÞ ¼    ; eXn;X0n;X1n;    ; eXn;X1n;X0n;   h i whose compo-
nents are given in Section 3.1, YðyÞ ¼    ; eYn;Y0n; Y1n;    ; eYn;Y1n;h
Y0n;   
iT
, n = 1,2,3,    . Substituting Eq. (56) into Eq. (35) yields
X
dY
dy
¼ HXY þ f ð57Þ
From Eq. (38b), we ﬁnd
HX ¼ XM ð58Þ
where
M ¼ diagð   ; Pn;    ;Qn;   Þ; Pn ¼
~ln 0 0
0 ln 1
0 0 ln
264
375 and
Qn ¼
~ln 0 0
0 ln 0
0 1 ln
264
375 ð59a-cÞ
Let
f ¼ XG ð60Þ
where G ¼    ; ~gn; g0n; g1n;    ; ~gn; g1n; g0n;   
 T is a column matrix
with respect to the expansion coefﬁcients. Substituting Eqs. (58)
and (60) into Eq. (57) gives
dY
dy
MY ¼ G ð61Þ
Accordingly we obtain a group of equations:
deYn
dy
 ~lneYn ¼ ~gn; deYndy  ~lneYn ¼ ~gn;
dY0n
dy
þ lnY0n ¼ Y1n þ g0n
dY1n
dy
þ lnY1n ¼ g1n;
dY0n
dy
 lnY0n ¼ Y1n þ g0n;
dY1n
dy
 lnY1n ¼ g1n
ð62Þ
The bending of a plate with two opposite edges simply supported
under a uniformly distributed load with the intensity of q is sym-
metrical with respect to the y axis, so its solution must consist of
symmetrical eigensolutions. According to the adjoint symplectic
orthogonality property, the inhomogeneous term can be expanded
by the eigenvectors. Multiplying both sides of Eq. (60) by XTJdx
and integrating from  a/2 to a/2, we obtain
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a=2
XTJXGdx ¼
Z a=2
a=2
XTJ 0; 0;0; 0;
q
D
;  q
C
h iT
dx
¼
Z a=2
a=2
XT 0;
q
D
;  q
C
; 0;0; 0
h iT
dx for n ¼ 1;3;5;   
ð63Þ
Based on the adjoint symplectic orthogonality relationship among
the eigenvectors, Eq. (63) is expanded and we obtain all the compo-
nents of G:
~gn ¼ ~gn ¼ 0
g1n ¼ g1n ¼
qa2
Dn3p3
g0n ¼
qaða2C þ 2Dn2p2Þ
CDn4p4
g0n ¼
2qa
Cn2p2
ð64Þ
where n = 1,3,5,    .
Substituting Eq. (64) into Eq. (62), we ﬁnd
eYn ¼ c5e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
þ npað Þ2
q
y
; eYn ¼ c6e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
h2
þ npað Þ2
q
y
Y1n ¼ c1e
npy
a  qa
3
Dn4p4
; Y1n ¼ c3e
npy
a þ qa
3
Dn4p4
Y0n ¼ ðc3yþ c4Þe
npy
a  2qa
2
Cn3p3
sin
np
2
 
Y0n ¼ ðc1yþ c2Þe
npy
a þ qa
2ða2C  2Dn2p2Þ
CDn5p5
sin
np
2
 
ð65Þ
where n = 1,3,5,    , c1  c6 are constants to be determined by
imposing the remaining three boundary conditions at y = 0 and
y = b.
4.2. Plate with two opposite edges simply supported and the others
clamped
Assume that the edges x = a/2 and x =  a/2 of the rectangular
plate, shown in Fig. 2, are simply supported and that the other
two edges are clamped. If the edge of a plate is clamped, the deﬂec-
tion along this edge is zero, and this edge can neither rotate with
respect to the edge line nor in the plane it lies in. Therefore, in
addition to the two simply supported boundary conditions ex-
pressed in Eq. (44), the boundary conditions at the remaining
two edges areFig. 2. A moderately thick rectangular plate with two opposite edges simply
supported at x = ± a/2.W ¼ 0; wx ¼ 0; wy ¼ 0 for y ¼ 0 and y ¼ b ð66Þ
Substituting Eqs. (48), (49), (50a,b), (51) and (65) into Eq. (56) and
using Eqs. (23) and (24), we obtain the expressions of W, ux and uy,
the constants c1  c6 can be solved by substituting which into Eq.
(66). Finally, the bending deﬂection of a moderately thick rectangu-
lar plate with two opposite edges simply supported and the others
clamped under uniformly distributed load is
W ¼
X1
n¼1;3;5;...
1
Cl2n
4elnyg1n cosðlnxÞ elny C þ Dl2n
 
þ ln C þ Dl2n
 
ebln þ 1  C ebln  1  ebln þ e2lny 
þCln

bebln 1þ e2lny þ ebln  1 : ebln  e2lny y
þ2Dl2n ebln  1
 
ebln þ e2lny þ Dl3n 1 ebln 
2C ebln þ 1  ebln þ e2lny  þClnbebln e2lny  1 
þ ebln þ 1  ebln  e2lny yþ 2Dl2n ebln þ 1 
 ebln þ e2lny = 2Dl3n ebln  1  ebln þ 1 2  ln ebln þ 1 n
 C e2bln  1 þ 2bClnebln þ 2Dl2n e2bln  1   ð67Þ
where ln, ~ln and g1n are given in Eqs.(46), (47) and (64). All the other
physical quantities can be derived accordingly.
4.3. Plate with two opposite edges simply supported and the others
free
The case is considered where the edges x = a/2 and x =  a/2 are
simply supported and the other two edges are free. If the edge of a
plate is free, there are no bending and twisting moments and also
no vertical shearing forces. Therefore, the boundary conditions at
the edges y = 0 and y = b are
Qy ¼ 0; My ¼ 0; Mxy ¼ 0 for y ¼ 0 and y ¼ b ð68Þ
Proceeding as in Section 4.2, the constants c1  c6 are obtained.
Finally, the bending deﬂection of a moderately thick rectangular
plate with two opposite edges simply supported and the others free
under uniformly distributed load is
W ¼
X1
n¼1;3;5;...
1
Cl2n
4elnyg1n cos lnx
 
elny CþDl2n
 þCm ebln 1 
 C 1ebln  ebln þe2lny þDl2n ebln 1  ebln þe2lny 
Cln

bebln 1þe2lny þ ebln 1 : ebln e2lny yDl2n ebln 1 
 ebln þe2lny = Dl2n ebln 1  e2bln 1 ð1mÞþ 2Dln ln ebln þ1 
 ebln 1 2ðm1Þþ ebln 1  C e2bln 1 ðmþ1Þ
þ2bClnebln ðm1ÞþDl2n e2bln 1
 ð1mÞ ð69Þ
where ln, ~ln and g1n are given in Eqs. 46, 47 and 64. All the other
physical quantities such as the bending moments, the torsional
moment and stress resultants can be derived accordingly.5. Numerical calculation and discussion
5.1. Two numerical examples
In order to verify the validity of the results derived in the paper,
two cases of a moderately thick square plate with two opposite
edges simply supported at x = a/2 and x =  a/2, having m = 0.3, un-
der uniformly distributed load of intensity q are examined: (1) the
plate with the other two edges clamped, (2) the plate with the
other two edges free.
Table 1
Central transverse deﬂections and bending moments for a uniformly loaded
moderately thick rectangular plate with two opposite edges simply supported and
the others clamped.
D/Ca2 Wj(0,b/2)(qa4/D)
Present (n = 2m  1) IMECH (1977)
m = 1 m = 2 m = 3
0 0.00196188 0.00191360 0.00191775 0.00192
0.005 0.00248386 0.00241131 0.00242063 0.00242
0.010 0.00297515 0.00287887 0.00289335 0.00289
0.015 0.00344783 0.00332795 0.00334758 0.00335
0.020 0.00390721 0.00376378 0.00378857 0.00379
0.025 0.00435649 0.00418954 0.00421949 0.00422
0.030 0.00479784 0.00460739 0.00464249 0.00464
0.040 0.00566248 0.00542506 0.00547047 0.00547
0.050 0.00650939 0.00622501 0.00628073 0.00628
Myj(0,0)(qa2)
Present (n = 2m  1)
m = 1 m = 2 m = 3 m = 4 m = 5 m = 6
0 0.0738 0.0691 0.0701 0.0697 0.0699 0.0698 0.0698
0.005 0.0692 0.0662 0.0667 0.0665 0.0666 0.0665 0.0665
0.010 0.0657 0.0632 0.0636 0.0635 0.0635 0.0635 0.0635
0.015 0.0628 0.0606 0.0609 0.0608 0.0608 0.0608 0.0608
0.020 0.0603 0.0583 0.0586 0.0585 0.0586 0.0585 0.0585
0.025 0.0582 0.0563 0.0566 0.0565 0.0566 0.0565 0.0565
0.030 0.0564 0.0545 0.0549 0.0548 0.0548 0.0548 0.0548
0.040 0.0533 0.0516 0.0519 0.0518 0.0519 0.0518 0.0518
0.050 0.0509 0.0493 0.0496 0.0494 0.0495 0.0495 0.0495
Table 2
Central transverse deﬂections for a uniformly loaded moderately thick rectangular
plate with two opposite edges simply supported and the others free.
D/Ca2 0 0.005 0.010 0.015 0.020
Wj(0,b/2)(qa4/D) 0.0150 0.0159 0.0167 0.0174 0.0181
D/Ca2 0.025 0.030 0.040 0.050
Wj(0,b/2)(qa4/D) 0.0188 0.0195 0.0208 0.0221
Table 3
Distributions of the shear force Qy for a uniformly loaded moderately thick
rectangular plate with three edges simply supported and the other free (m = 0.3,b/
a = 1).
D/Ca2 Qy
4qa
p2 10
3
 
, x = 0.4a
y = 0 y = 0.025 y = 0.05 y = 0.075 y = 0.1 y = 0.15 y = 0.2
0 0 80.773 69.165 59.054 50.141 34.893 21.875
0.0001 0 82.346 71.661 61.171 51.940 36.238 22.922
0.001 0 62.849 70.028 63.939 55.388 39.144 25.208
0.005 0 37.576 52.255 55.375 52.861 41.560 28.507
0.01 0 27.920 41.573 46.715 46.860 39.777 28.913
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verse deﬂections and the moments at speciﬁc locations of the plate
in case (1) are presented in Table 1. The central transverse deﬂec-
tions in case (2) are given in Table 2.Fig. 3. Distributions of the shear force Qy along x = 0.4a of a uniformly loaded pComparison with the results of Institute of Mechanics (IMECH),
Chinese Academy of Science (1977), shown in the brackets and
obtained by the superposition method, is presented in Table 1. It
is obvious that excellent comparison is observed thus indicating
applicability and validity of the approach and expressions devel-
oped in this paper.
The series obtained here converge so rapidly that we take only
the ﬁrst three terms of the series for the deﬂections and six terms
for the moments (see Table 1). The numerical results give sufﬁcient
accuracy.
5.2. Analysis of boundary effects
For cases of plate bending, there exist the boundary effects. The
effects alter stress distributions signiﬁcantly so that they can not
be ignored in thick plates. Using the symplectic approach pre-
sented in this paper, the boundary effects can be well observed.
As an example we consider the case of bending of a moderately
thick rectangular plate with three edges simply supported and the
other free, having m = 0.3, b/a = 1, under uniformly distributed load
of intensity q. As illustrated in Fig. 2, the boundary conditions at
the remaining two edges are
Qy ¼ 0; My ¼ 0; Mxy ¼ 0 for y ¼ 0; W ¼ 0;
wy ¼ 0; My ¼ 0 for y ¼ b ð70Þ
Fig. 3 shows the distributions of the shear force Qy near the free
edge y = 0. When D/Ca2 = 0 the case represents the solution of thin
plate bending and there exists a jump at the free edge due to the
boundary effect, which indicates inapplicability of thin plate theorylate with three edges simply supported and the other free (m = 0.3,b/a = 1).
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analyzed using the symplectic approach based on thick plate the-
ory. It is easy to observe how the boundary effects alter in the edge
area as showed in Fig. 3. As a matter of fact, the boundary effects do
not exist when the corresponding eigensolutions of ~ln are zero such
as in the case of bending of a fully simply supported plate (Ju et al.,
2008). Some numerical results are presented in Table 3.6. Conclusions
The symplectic geometry method is used in this paper for anal-
ysis of a moderately thick rectangular plate with two opposite
edges simply supported. Exact solutions are derived to present a
breakthrough in solving plate bending problems because they have
long been bottlenecks in the history of elasticity. Besides, unlike
the traditional semi-inverse approaches in classical plate analysis
employed by Timoshenko and others such as Navier, Levy, etc.
where a trial deﬂection function has to be pre-determined, the
new symplectic analysis for the plate is completely rational with-
out any trial functions. Consequently, the approach utilized here
is reasonable and theoretical. The numerical results verify the
accuracy and validity of the formulations derived in the paper.
The analysis can be further extended to moderately thick plates
with any other combinations of loads and boundary conditions,
which will be reported in future.References
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